Abstract. We prove that, if ϕ, ψ ∈ Out(FN ) are hyperbolic iwips (irreducible with irreducible powers) such that ϕ, ψ ⊆ Out(FN ) is not virtually cyclic, then some high powers of ϕ and ψ generate a free subgroup of rank two for which all non-trivial elements are again hyperbolic iwips. Being a hyperbolic iwip element of Out(FN ) is strongly analogous to being a pseudo-Anosov element of a mapping class group, so the above result provides analogues of "purely pseudo-Anosov" free subgroups in Out(FN ).
Introduction
One of the most important sources for understanding free group automorphisms is the analogy with surface groups and mapping classes. Many key concepts from Thurston's approach to Teichmüller theory have been successfully carried over to the Out(F N ) world, most notably Culler-Vogtmann's Outer space [18] , and Bestvina-Handel's train track representatives [3] . However, often the situation for Out(F N ) turns out to be more difficult (but also much richer in interesting phenomena) than in the parallel mapping class cosmos. One such fundamental situation arises with the translation of the concept of pseudo-Anosov homeomorphisms to free group automorphisms.
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It turns out that there are two such possible translations, both natural and interesting:
The first translation is based on the characterization of pseudo-Anosov homeomorphisms h : Σ → Σ (where Σ is a closed hyperbolic surface) as precisely those which give a mapping torus Σ ⋊ h S 1 that admits a hyperbolic structure.
This is equivalent to the condition that π 1 (Σ⋊ h S 1 ) is Gromov-hyperbolic. By analogy, one can consider hyperbolic automorphisms Φ : F N → F N , defined by the fact that the mapping torus group G Φ = F N ⋊ Φ Z is wordhyperbolic. The Bestvina-Feighn Combination Theorem [1] implies that an automorphism Φ of F N is hyperbolic if and only if for some (and hence any) free basis A of F N there exist M ≥ 1 and λ > 1 such that for every w ∈ F N we have λ|w| A ≤ max{|Φ M (w)| A , |Φ −M (w)| A }. This latter condition is often taken as the definition of an automorphism Φ of F N for being hyperbolic. It is not hard to see that whether Φ ∈ Aut(F N ) is hyperbolic or not depends only on the outer automorphism class ϕ of Φ in Out(F N ). An important result of Brinkmann [12] shows that ϕ ∈ Out(F N ) is hyperbolic if and only if ϕ is atoroidal, that is, if there does not exist a non-trivial conjugacy class in F N that is fixed by some positive power of ϕ.
The second translation of the notion of being pseudo-Anosov to the free group setting is based on the dynamical properties of pseudo-Anosov homeomorphisms: a homeomorphism h : Σ → Σ is pseudo-Anosov if and only if h and hence any positive power of h is not reducible. However, in the free group setting the notion of reducible automorphisms Φ : F N → F N is much more delicate than for surfaces: If h fixes (up to isotopy) an essential subsurface of Σ, than it also fixes the complementary subsurface. But is is easy to find examples where Φ fixes a proper free factor of F N , but no complementary free factor is is mapped to a conjugate of itself.
In this context, the notion of being irreducible for elements of Out(F N ) (see Definition 3.1 below) has been proposed in [3] , but contrary to "pseudoAnosov", the property "irreducible" is not stable under replacing the automorphism by a positive power. More useful seems the following notion: An element ϕ ∈ Out(F N ) (or any of its lifts Φ ∈ Aut(F N )) is said to be irreducible with irreducible powers or an iwip for short, if for every n ≥ 1 the power ϕ n is irreducible (sometimes such automorphisms are also called fully irreducible). It is not hard to see that ϕ ∈ Out(F N ) is an iwip if and only if no positive power of ϕ preserves the conjugacy class of a proper free factor of F N (and one can take the latter condition as the definition of being an iwip). It is easy to construct examples of elements of Out(F N ) that are hyperbolic but reducible. Similarly, there exists non-hyperbolic iwips (they come from pseudo-Anosov homeomorphisms of once-punctured surfaces). Thus the notions of being iwip and being hyperbolic are logically independent.
Both of these free group analogues of being pseudo-Anosov play an important role in the study of Out(F N ). Iwips have nicer properties: for example, they act with "North-South" dynamics on the Thurston compactification of Outer space [41] (just as pseudo-Anosovs do on Teichmüller space and its Thurston boundary). Hyperbolic automorphisms, on the other hand, are easier to come by. For example, it has been shown by Bestvina, Feighn and Handel [5] that every subgroup of Out(F N ), which contains a hyperbolic iwip and which is not virtually cyclic, contains a free subgroup of rank two where every non-trivial element is hyperbolic.
The main result of this paper is the analogous statement of this last result for hyperbolic iwips (c.f. Theorem 6.2 below): Theorem 1.1. Let N ≥ 3 and let ϕ, ψ ∈ Out(F N ) be hyperbolic iwips such that the subgroup ϕ, ψ ⊆ Out(F N ) is not virtually cyclic. Then there exists m, n ≥ 1 such that the subgroup G = ϕ m , ψ n ⊆ Out(F N ) is free of rank two and such that every nontrivial element of G is again a hyperbolic iwip.
Thus the group G in Theorem 1.1 is "purely hyperbolic iwip". It was already known by the results of [5] that one can ensure for every nontrivial element of G as in Theorem 1.1 to be a hyperbolic automorphism, and the new result here is the iwip property. Nevertheless, we also provide a complete and independent proof of the "purely hyperbolic" property as well.
By Corollary 3.11 for two hyperbolic iwips ϕ, ψ ∈ Out(F N ) the condition that they don't generate a virtually cyclic subgroup is equivalent to the condition that they don't have any common non-trivial powers, that is ϕ ∩ ψ = {1}.
As a consequence of Theorem 1.1, we obtain (c.f. Corollary 6.3 below):
Corollary 1.2. Let G ⊆ Out(F N ) be a non-virtually-cyclic subgroup that contains a hyperbolic iwip. Then G contains a non-abelian free subgroup where all non-trivial elements are hyperbolic iwips.
Note that results similar to the statement of Theorem 1.1 play an important role in the study of mapping class groups. Namely, for the mapping class group Mod(Σ) of a closed hyperbolic surface Σ it is interesting to find purely pseudo-Anosov subgroups of Mod(Σ), i.e. subgroups where all nontrivial elements are pseudo-Anosov. One of the motivations in looking for purely pseudo-Anosov subgroups of Mod(Σ) is in trying to find new examples of word-hyperbolic extensions of π 1 (Σ) by groups other than infinite cyclic ones. An important early example of a non-abelian free purely pseudoAnosov subgroup Mod(Σ) is due to Mosher [46] who used it to construct a word-hyperbolic extension of π 1 (Σ) by the free group F 2 . Mosher's example was based on exploiting ping-pong considerations for the action of Schottkytype subgroups of Mod(Σ) on the boundary of the Teichmuller space; these types of subgroups are basic examples of convex-cocompact subgroups of mapping class groups. Another important source of purely pseudo-Anosov subgroups of mapping class groups comes from the work of Whittlesey [49] . This topic plays a key role in the theory of convex-cocompact subgroups of mapping class groups [19, 24, 39, 40] , and it is known that every such convex-cocompact subgroup is purely pseudo-Anosov.
A recent result of Handel and Mosher [27] characterizes those subgroups of Out(F N ) that do not contain an iwip and shows that such subgroups have a rather special structure: if a subgroup G ⊆ Out(F N ) does not contain an iwip then there is a subgroup of finite index H ⊆ G such that H preserves the conjugacy class of a proper free factor of F N . Theorem 1.1 can also be derived from a recent result of Bestvina and Feighn [8] about the existence of a hyperbolic graph with an Out(F N )-action, given a finite collection of independent hyperbolic iwips. Our proof is based on rather different and more direct arguments and we believe that it has substantial independent value, especially in view of the goal of developing the theory of convex-cocompactness for subgroups of Out(F N ). Note also, that a new paper of Clay and Pettet [13] provides a proof of a related statement to our Theorem 1.1: they prove that given two "sufficiently transverse" Dehn twists ϕ, ψ ∈ Out(F N ), for some sufficiently large m, n ≥ 1 the subgroup ϕ m , ψ n ≤ Out(F N ) is free of rank two and every nontrivial element of that subgroup, except those that are conjugate to powers of ϕ m , ψ n , is a hyperbolic iwip. This result of Clay and Pettet and our Theorem 1.1 are logically independent and the proofs are very different. Theorem 1.1 was applied and pushed further in a new paper of Hamenstädt [26] .
We establish Theorem 1.1 via studying the dynamics of the action of Out(F N ) and of its subgroups on the space cv N of very small isometric Rtree actions of F N (which is the closure of the Outer space cv N in the length function topology) and on the space Curr(F N ) of geodesic currents on F N . A geodesic current is a measure-theoretic analogue of the notion of a conjugacy class in a free group (or a free homotopy class of a closed curve on the surface). Geodesic currents in the context of hyperbolic surfaces were introduced by Bonahon who used them to study the geometry of the Teichmüller space [9, 10] . In the context of free groups geodesic currents were first introduced in the Ph.D.-thesis of Reiner Martin [44] and later re-introduced and studied systematically by Kapovich [30, 31, 32] , Kapovich-Lustig [33, 34, 35] and others [20, 38] . Recent applications of geodesic currents include results related to free group analogues of the curve complex (Kapovich-Lustig [34] , Bestvina-Feighn [8] ) and to bounded cohomology of Out(F N ) and of its subgroups (Hamenstadt [25] ). A key component in these results, as well as in the proofs of the main results of the present paper, is the geometric intersection form. The latter pairs very small F N -trees and geodesic currents and shares important features in common with Bonahon's notion of a geometric intersection number between two geodesic currents. This intersection form was initially constructed in [31] , [43] for the ordinary unprojectivized Outer space cv N and recently extended in our joint paper [34] to the closure cv N of cv N .
We start by exploiting the fact that a hyperbolic iwip ϕ ∈ Out(F N ) acts with a "North-South" dynamics on both the projectivization CV N of cv N and on the projectivization PCurr(F N ) of Curr(F N ). In the process we introduce, using the intersection form, natural "height functions" associated to ϕ on each of CV N and PCurr(F N ), which provide useful stratifications of these spaces. As a corollary of the "North-South" dynamics for the action of hyperbolic iwips on PCurr(F N ), we obtain a new proof (Theorem 4.17) of the following result of Bestvina, Feighn and Handel [5] : If ϕ, ψ ∈ Out(F N ) are as in Theorem 1.1 and Φ, Ψ ∈ Aut(F N ) are their representatives in Aut(F N ), then for sufficiently high powers Φ n , Ψ m of Φ and Ψ, the semidirect product G n,m = F N ⋊ Φ n , Ψ m is word-hyperbolic. In this case the subgroups ϕ n , ψ m ⊆ Out(F N ) and Φ n , Ψ m ⊆ Aut(F N ) are free of rank two and, as noted in Remark 4.18 below, the hyperbolicity of G n,m already implies that every non-trivial element of ϕ n , ψ m is hyperbolic.
Establishing the "purely iwip" part of Theorem 1.1 requires a much more delicate analysis and new tools and ideas, in order to rule out the existence of non-trivial reducible elements in free subgroups of Out(F N ) generated by two large powers of hyperbolic iwips. In particular, we exploit the interplay between the right ping-pong action of such subgroups on cv N and their simultaneous left ping-pong action on PCurr(F N ). Thus ping-pong arguments play a key role in the proof Theorem 1.1. Note that ping-pong type arguments, in different settings, are also important in the proof of the Tits Alternative for Out(F N ) by Bestvina, Feighn and Handel [5, 6, 7] . Also, ping-pong arguments for iwips and the existence of Schottky-type free subgroups in Out(F N ) yielded by such arguments, are a key tool in the proof by Bridson and de la Harpe [11] that Out(F N ) is C * -simple for N ≥ 3. Both [5] and [11] use the ping-pong arguments (and their consequences) for the action of Out(F N ) on the set of the "legal" or "stable" laminations associated to all iwip elements of Out(F N ) and exploit the fact that this set admits an Out(F N )-equivariant embedding in CV N .
A careful analysis of the proof of Theorem 1.1 shows that its conclusion holds for an arbitrary finite number of hyperbolic iwips:
is free of rank k, and such that every nontrivial element of G is again a hyperbolic iwip.
An interesting goal for future work would be to develop a theory of "convex-cocompact" subgroups of Out(F N ) that resembles the theory of convex-cocompact subgroups of mapping class groups. A first step for such a theory is given in [36] . We informally call the free subgroups of Out(F N ) generated by two large powers of hyperbolic iwips, that appear in the conclusion of Theorem 1.1, Shottky-type subgroups of Out(F N ). We believe that Schottky-type subgroups should provide basic examples of convexcocompact subgroups of of Out(F N ) and we hope that analyzing their properties will lead to a successful formulation of the convex-cocompactness theory in the Out(F N ) context.
Outer space and the space of geodesic currents
We give here only a brief overview of basic facts related to Outer space and the space of geodesic currents. We refer the reader to [18, 31] for more detailed background information.
2.1. Outer space. Let N ≥ 2. The unprojectivized Outer space cv N consists of all minimal free and discrete isometric actions on F N on R-trees (where two such actions are considered equal if there exists an F N -equivariant isometry between the corresponding trees). There are several different topologies on cv N that are known to coincide, in particular the equivariant GromovHausdorff convergence topology and the so-called axis or length function topology. Every T ∈ cv N is uniquely determined by its translation length function ||.|| T : F N → R, where ||g|| T is the translation length of g on T . Two trees T 1 , T 2 ∈ cv N are close if the functions ||.|| T 1 and ||.|| T 1 are close pointwise on a large ball in F N . The closure cv N of cv N in either of these two topologies is well-understood and known to consists precisely of all the so-called very small minimal isometric actions of F N on R-trees, see [4] and [14] . The outer automorphism group Out(F N ) has a natural continuous right action on cv N (that leaves cv N invariant) given at the level of length functions as follows: for T ∈ cv N and ϕ ∈ Out(F N ) we have ||g|| T ϕ = ||Φ(g)|| T , with g ∈ F N and Φ ∈ Aut(F N ) representing ϕ ∈ Out(F n ). In terms of tree actions, T ϕ is equal to T as a metric space, but the action of F N is modified to give g · T ϕ
x, where x ∈ T , g ∈ F N are arbitrary and where Φ ∈ Aut(F N ) represents as before of the outer automorphism ϕ. The projectivized Outer space CV N = Pcv N is defined as the quotient cv N / ∼ where for T 1 ∼ T 2 whenever T 2 = cT 1 for some c > 0. One similarly defines the projectivization CV N = Pcv N of cv N as cv N / ∼ where ∼ is the same as above. The space CV N is compact and contains CV N as a dense Out(F N )-invariant subset. The compactification CV N of CV N is a free group analogue of the Thurston compactification of the Teichmüller space. For T ∈ cv N its ∼-equivalence class is denoted by [T ] , so that [T ] is the image of T in CV N . The unprojectivized Outer space cv N contains an Out(F N )-invariant closed subspace cv 1 N which is Out(F N )-equivariantly homeomorphic to CV N . Namely, cv 1 N consists of all trees T ∈ cv N such that the quotient metric graph T /F N has volume one (that is, the sum of the lengths of its edges is equal to one). Many sources identify CV N and cv 1 N but we will distinguish these objects in the present paper.
2.2. Geodesic currents. Let ∂ 2 F N := {(x, y)|x, y ∈ ∂F N , x = y}. The action of F N by translations on its hyperbolic boundary ∂F N defines a natural diagonal action of F N on ∂ 2 F N . A geodesic current on F N is a positive Radon measure on ∂ 2 F N that is F N -invariant and is also invariant under the "flip" map ∂ 2 F N → ∂ 2 F N , (x, y) → (y, x). The space Curr(F N ) of all geodesic currents on F N has a natural R ≥0 -linear structure and is equipped with the weak*-topology of pointwise convergence on continuous functions. Every point T ∈ cv N defines a simplicial chart on Curr(F N ) which allows one to think about geodesic currents as systems of nonnegative weights satisfying certain Kirchhoff-type equations; see [31] for details. We briefly recall the simplicial chart construction for the case where T A ∈ cv N is the Cayley tree corresponding to a free basis A of F N . For a nondegenerate geodesic
. Given a nontrivial freely reduced word v ∈ F (A) = F N and a current µ ∈ Curr(F N ), the "weight" v, µ A is defined as µ(Cyl A (γ)) where γ is any segment in the Cayley graph T A labelled by v (the fact that the measure µ is F N -invariant implies that a particular choice of γ does not matter). A current µ is uniquely determined by a family of weights v, µ A v∈F N −{1} . The weak*-topology on Curr(F N ) corresponds to pointwise convergence of the weights for every v ∈ F N , v = 1.
There is a natural left action of Out(F N ) on Curr(F N ) by continuous linear transformations. Specifically, let µ ∈ Curr(F N ), ϕ ∈ Out(F N ) and let Φ ∈ Aut(F N ) be a representative of ϕ in Aut(F N ). Since Φ is a quasiisometry of F N , it extends to a homeomorphism of ∂F N and, diagonally, defines a homeomorphism of ∂ 2 F N . The measure ϕµ on ∂ 2 F N is defined as follows. For a Borel subset S ⊆ ∂ 2 F N we have (ϕµ)(S) := µ(Φ −1 (S)). One then checks that ϕµ is a current and that it does not depend on the choice of a representative Φ of ϕ.
For every g ∈ F N , g = 1 there is an associated counting current η g ∈ Curr(F N ). If A is a free basis of F N and the conjugacy class [g] of g is realized by a "cyclic word" W (that is a cyclically reduced word in F (A) written on a circle with no specified base-vertex), then for every nontrivial freely reduced word v ∈ F (A) = F N the weight v, η g A is equal to the total number of occurrences of v ±1 in W (where an occurrence of v in W is a vertex on W such that we can read v in W clockwise without going off the circle). We refer the reader to [31] for a detailed exposition on the topic. By construction the counting current η g depends only on the conjugacy class [g] of [g] and it also satisfies η g = η g −1 . One can check [31] that for ϕ ∈ Out(F N ) and g ∈ F N , g = 1 we have ϕη g = η ϕ(g) . Scalar multiples cη g ∈ Curr(F N ), where c ≥ 0, g ∈ F N , g = 1 are called rational currents. A key fact about Curr(F N ) states that the set of all rational currents is dense in Curr(F N ).
The space of projectivized geodesic currents is defined as PCurr(F N ) = Curr(F N ) − {0}/ ∼ where µ 1 ∼ µ 2 whenever there exists c > 0 such that µ 2 = cµ 1 . The ∼-equivalence class of µ ∈ Curr(F N ) − {0} is denoted by [µ] . The action of Out(F N ) on Curr(F N ) descends to a continuous action of Out(F N ) on PCurr(F N ). The space PCurr(F N ) is compact and the set {[η g ] g ∈ F N , g = 1} is a dense subset of it.
2.3. Intersection form. In [34] we constructed a natural geometric intersection form which pairs trees and currents:
There exists a unique continuous map , : cv N × Curr(F N ) → R ≥0 with the following properties:
Note that here we work with the right action of Out(F N ) on cv N , which is related to the left action of Out(F N ) on cv N considered in [34] via T ϕ = ϕ −1 T , where T ∈ cv N , ϕ ∈ Out(F N ). This accounts for the difference in how part (3) of Proposition 2.1 is stated above compared with the formulation of the main result in [34] .
Stabilizers of eigentrees and eigencurrents
Definition 3.1. An element ϕ ∈ Out(F N ) is reducible if there exists a free product decomposition F N = C 1 * . . . C k * F ′ , where k ≥ 1 and C i = {1}, such that ϕ permutes the conjugacy classes of subgroups C 1 , . . . , C k in F N . An element ϕ ∈ Out(F N ) is called irreducible if it is not reducible. An element ϕ ∈ Out(F N ) is said to be irreducible with irreducible powers or an iwip for short, if for every n ≥ 1 the power ϕ n is irreducible (sometimes such automorphisms are also called fully irreducible). This is equivalent to the property that no positive power of ϕ fixes a conjugacy class of a proper free factor of F N An outer automorphism ϕ ∈ Out(F N ) is hyperbolic or atoroidal if no positive power of ϕ fixes the conjugacy class of a nontrivial element of F N .
An automorphism Φ ∈ Aut(F N ), is called hyperbolic or atoroidal if the outer automorphism ϕ ∈ Out(F N ) defined by Φ is atoroidal.
A result of Brinkmann [12] , together with the Combination Theorem of Bestvina and Feighn [1] , implies that Φ ∈ Aut(F N ) is atoroidal if and only if the mapping torus group F N ⋊ Φ Z is word-hyperbolic.
The following result is due to Reiner Martin [44] : Note that if ϕ ∈ Out(F N ) is a non-hyperbolic iwip, the conclusion of Proposition 3.2 still holds if PCurr(F N ) is replaced by the minimal set M ⊆ PCurr(F N ), where M is the closure in PCurr(F N ) of the set of all [η a ], where a ∈ F N is a primitive element (see [44] ).
A similar statement is known for CV N by a result of Levitt and Lustig [41] :
∈ CV N with the following properties:
Moreover λ + is the Perron-Frobenius eigenvalue of any train-track representative of ϕ and λ − is the Perron-Frobenius eigenvalue of any train-track representative of ϕ −1 .
Moreover, in both [41] and [44] it is proved that the convergence to [T + ] and [µ + ] in the above statements is uniform on compact subsets. More precisely: 
Proposition 3.4 immediately implies, via the standard ping-pong argument, the following:
are four distinct points. Then there exists M ≥ 1 such that for every m, n ≥ M the subgroup ϕ m , ψ n ⊆ Out(F N ) is free of rank two with free basis ϕ m , ψ n .
⊔ ⊓
We show in Section 4 below (specifically, see Proposition 4.10) that Proposition 3.4 can actually be formally derived from pointwise convergence to [T + ] and [µ + ] in Proposition 3.3 and Proposition 3.2. This will give an alternative proof of Proposition 3.4.
In [35] we gave a characterization of the situation where T, µ = 0, in terms of the dual algebraic lamination L 2 (T ) of the R-tree T and the support Supp(µ) of the current µ (see [35] for a precise definition of these terms):
As a consequence, we proved [35] : Note also that, as a direct comparison of the definitions shows, if ϕ ∈ Out(F N ) is a hyperbolic iwip, then Supp(µ + (ϕ)) is exactly what was termed the "stable lamination" Λ + ϕ of ϕ in [5] . A result of [5] , which is reproved in [37] via different methods, states:
is virtually cyclic and contains ϕ as a subgroup of finite index.
As a consequence, we derive:
and this stabilizer is virtually cyclic.
Proof. Proposition 3.7 implies that Stab
From Proposition 3.7 we know that T + , µ − = 0. Thus we derive from Theorem 3.6 that Supp(ϕµ − ) = Supp(µ − ) is contained in the dual lamination L 2 (T + ) of T + , so that the converse implication of Theorem 3.6 implies that T + , ϕµ − = 0. Therefore, by part (2) of Proposition 3.7, we have
In [5] it is first proved that for an iwip ϕ the stabilizer Stab Out(F N ) (Λ + ϕ ) is virtually cyclic and then that Stab Out(
. Proposition 3.9 above recovers these results, for a hyperbolic iwip ϕ, as a consequence of Proposition 3.8 about virtual cyclicity of Stab Out(F N ) ([T + (ϕ)]), for which [37] provided an alternative proof to the argument given in [5] .
be the attracting and repelling fixed points of g in CV N and PCurr(F N ) accordingly. Then exactly one of the following occurs:
(1) The group G is virtually cyclic and preserves the sets
Moreover, in this case there exists M ≥ 1 such that the subgroup ϕ M , ψ M ⊆ G is free of rank two.
Proof. Recall that by Proposition 3.9 we have Stab
and both of these are virtually cyclic and contain ϕ as a subgroup of finite index.
G has a subgroup of index at most 2 that fixes each of [T ± (ϕ)] and hence G is virtually cyclic. Thus we may assume that G does not preserve
We assume the former as the other case is symmetric.
. In either case (since both stabilizers contain ϕ as subgroup of finite index) g −1 ϕ k g = ϕ l for some k = 0, l = 0 and therefore g −1 ϕ k g has the same fixed points in CV N as does ϕ l , namely, [T ± (ϕ)]. This contradicts the fact that g −1 ϕg fixes the point [T + (ϕ)]g = [T ± (ϕ)]. Thus [T ± (ϕ)], [T ± (ψ)] are four distinct points. Therefore, by Corollary 3.5, sufficiently high powers ϕ M , ψ M freely generate a free subgroup of rank two in G, as required. Note that in this case we also have that [µ ± (ϕ)], [µ ± (ψ)] are four distinct points by Proposition 3.7.
⊔ ⊓ Corollary 3.11. Let ϕ, ψ ∈ Out(F N ) be hyperbolic iwips. Then the following conditions are equivalent:
(1) The subgroup ϕ, ψ ⊆ Out(F N ) is not virtually cyclic.
(2) There exist m, n ≥ 1 such that ϕ m , ψ n is free of rank two.
Proof. It is obvious that (2) implies (1) and that (2) implies (3). Suppose that (3) holds. We claim that [T ± (ϕ)], [T ± (ψ)] are four distinct points in CV N . Indeed, suppose that one of [T ± (ϕ)] is equal to one of [T ± (ψ)]. This means that both ϕ and ψ have a common fixed point in CV N which is a pole of a hyperbolic iwip. The Out(F N )-stabilizer of that point is virtually infinite cyclic by Proposition 3.9, which implies that ϕ and ψ have some equal nonzero powers, contradicting the assumption ϕ ∩ ψ = {1}. Thus [T ± (ϕ)], [T ± (ψ)] are four distinct points in CV N . Therefore by Corollary 3.5 below, sufficiently high powers ϕ M , ψ M freely generate a free subgroup of rank two in Out(F N ), so that (2) holds. Thus (3) implies (2) and, therefore (2) is equivalent to (3) .
Suppose now that (1) holds. Suppose that (3) fails and there exist nonzero n, m such that ϕ n = ψ m . Since ϕ has the same fixed points in CV N as ϕ n and since ψ has the same fixed points in CV N as ψ n , it follows that ϕ and ψ have a common fixed point in CV N . Therefore ϕ, ψ is contained in the Out(F N )-stabilizer of that point, which, by Proposition 3.9, is virtually cyclic. This implies that ϕ, ψ is virtually cyclic, contrary to our assumption (1). Thus (1) implies (3), which shows that (1), (2) and (3) are equivalent.
The fact that (4) and (5) are equivalent follows from Proposition 3.7. The proof that (3) implies (2) above also shows that (3) implies (4). The fact that (4) implies (2) follows from Corollary 3.5. This completes the proof. ⊔ ⊓ Corollary 3.12. Let ϕ ∈ Out(F N ) be a hyperbolic iwip and let [T ± ] be the attracting and repelling fixed points of 
4. North-South Dynamics, standard neighborhoods and height functions Convention 4.1. For the remainder of this section, unless specified otherwise, let ϕ ∈ Out(F N ), where N ≥ 3, be a hyperbolic iwip and let
Definition 4.2 (Standard Neighborhoods). Let
Note that by Proposition 3. 
⊔ ⊓
The continuity of the intersection form and Proposition 3.7 imply that U + , U − are disjoint open subsets of PCurr(F N ) and that [µ + ] ∈ U + and [µ − ] ∈ U − .
Lemma 4.5. We have ϕ(U
Note that Lemma 4.5 implies that ϕ(U + ) ⊆ U + and ϕ −1 (U − ) ⊆ U − .
Lemma 4.6. We have: 
Since the sets ϕ −n (U ) are open and K is compact, there exists p ≥ 1 such
Since ϕ n (U ) ⊆ U for every n ≥ 1, it follows that ϕ n (K) ⊆ U for every n ≥ p + 1 and, obviously ϕ n (U ) ⊆ U for every n ≥ p + 1. Hence ϕ n (PCurr(F N )− V ) ⊆ U for every n ≥ p + 1, as required. The argument for ϕ −n is symmetric. ⊔ ⊓ Corollary 4.8. The group ϕ acts properly discontinuously and co-compactly on PCurr( Therefore for any n ∈ Z with |n| ≥ M we have K ∩ ϕ n K = ∅ since ϕ n (K) ⊆ U + ∪U − . This shows that ϕ acts properly discontinuously on PCurr(
To see that the action of ϕ on PCurr( We summarize them in the following: See [31] for more details. Then for any rational current [η w ] ∈ U , where w is a reduced cyclic path in Γ, when we write w as a concatenation of maximal legal segments, the legal segments of length ≥ L 1 each will constitute at least 1/2 of the simplicial length of w. Then for any k ≥ 1 there is M ≥ 1 independent of w such that |[f n w]| ≥ 2 k |w| for every w as above and every n ≥ M . Therefore for every [µ] ∈ U we have T Γ , ϕ n µ ≥ 2 k T Γ , µ for every n ≥ M . Here T Γ is the universal cover of Γ with the simplicial metric. Since the translation length functions on F N corresponding to the trees T A and on T Γ are bi-Lipschitz equivalent, it follows that, by choosing a sufficiently large k, there exists M 0 ≥ 1 such that for every n ≥ M 0 and every [µ] ∈ U we have T A , ϕ n µ ≥ 2 T A , µ , as required.
⊔ ⊓ Corollary 4.13. Let ϕ, µ + , µ − be as in Convention 4.1, and let A be a free basis of
Proof. Let U and M 0 be provided by Lemma 4.12. By making V smaller we may assume that V is disjoint from U . By making U smaller, via application of Lemma 4.5 and Lemma 4.6 we may assume that, in addition to the conditions guaranteed by Lemma 4.12, we have ϕ(U ) ⊆ U . Note that since ϕ(U ) ⊆ U , then for every [ν] ∈ U and every integer k ≥ 1 we have For any µ ∈ Curr(F N ) and for any n, m ≥ M , for at least three out of four elements α of {ϕ n , ψ m , ϕ −n , ψ −m } we have
Proof. Since ϕ, ψ ⊆ Out(F N ) is not virtually cyclic, the four eigencurrents
Let M ≥ 1 be the maximum of the the constants Theorem 4.17. Let N ≥ 3 and let ϕ, ψ ∈ Out(F N ) be hyperbolic iwips such that ϕ, ψ ⊆ Out(F N ) is not virtually cyclic and let Φ, Ψ ∈ Aut(F N ) be such that Φ represents ϕ and Ψ represents ψ. There exists M ≥ 1 such that for any n, m ≥ M the subgroup ϕ n , ψ m ⊆ Out(F N ) is free of rank two, every nontrivial element of this subgroup is hyperbolic and the group
is word-hyperbolic.
The "3 out of 4" condition in Corollary 4.16 was first introduced by Lee Mosher for surface homeomorphisms in [46] where he used it to construct an example of a (closed surface)-by-(free of rank two) word-hyperbolic group. Similarly, the "3 out of 4" condition was used by Bestvina, Feign and Handel [5] to construct a free-by-free word-hyperbolic group. Our proof of the "3 out of 4" condition in Corollary 4.16 is different from both the approaches of Mosher and of Bestvina-Feighn-Handel: our method is based on exploiting North-South dynamics of hyperbolic iwips acting on the space of projectivized currents rather than on the space of laminations.
Remark 4.18. In Theorem 4.17 it is also easy to conclude that for every nontrivial element θ ∈ Φ, Ψ ⊆ Aut(F N ) the automorphism θ is hyperbolic. This can be seen directly from the Annuli Flare Condition [1] for the group G n,m above. Alternatively, suppose θ is not hyperbolic. Then θ is not atoroidal, that is to say θ has a periodic conjugacy class. This yields a Z×Z-subgroup in G ni,m which contradicts the fact that G n,m is word-hyperbolic.
Remark 4.19. The same proof as that of Theorem 4.17 shows that the conclusion of this theorem holds if instead of two elements of Out(F N ) we use k ≥ 2 hyperbolic iwip elements ϕ 1 , . . . , ϕ k with the property that for every 1 ≤ i < j ≤ k the subgroup ϕ i , ϕ j ⊆ Out(F N ) is not virtually cyclic.
Ping-pong for Schottky type groups and its consequences
Definition 5.1. Let G be a group that acts on a non-empty set X (either on the left or on the right). Suppose that the group G is generated by two specified elements g and h, and that X contains pairwise disjoint geographical nonempty subsets N (= "North"), S (= "South"), E (= "East") an W (= "West"), such that g maps X − S into N , g −1 maps X − N into S, and similarly h with E and W . We call this action of G on X a 2-generator ping-pong action with respect to g and h.
For the rest of this section, unless specified otherwise we assume that we are given a 2-generator ping-pong action of G on X with respect to g and h.
It follows from Felix Klein's classical argument that in the above situation G is free with a free basis {g, h}. Notice that we purposefully did not specify whether G acts from the left or from the right on X. For any reduced and cyclically reduced word w = x 1 . . . x q in {g, h} ±1 we define the final acting letter to be the x i that acts last on X. Thus, if we have a left action, then the final acting letter of w is the first letter x 1 , and in case of a right action it is the last letter x q .
We define the forward limit region of w (reduced and cyclically reduced) as the nested intersections of the images of Y under w n , for positive n, where Y = N if w has the final acting letter g, Y = S if w has the final acting letter g −1 , and similarly Y = E or Y = W if w has the final acting letter h or h −1 .
Remark 5.2. It follows directly from the above set-up that for a cyclically reduced w, any fixed point of w in X must be contained either in the forward limit region of w or in that of w −1 (one could call the latter the backward limit region of w). Notice also that the restriction of any 2-generator ping-pong action to a G-invariant subset X ′ ⊆ X is also 2-generator ping-pong: One simply redefines the set North as X ′ ∩ N , South as X ′ ∩ S, etc. Of course, if the action on X is open, then so is the action on X ′ .
Suppose now that ϕ, ψ ∈ Out(F N ) are hyperbolic iwips such that ϕ, ψ is not virtually cyclic. We already know by the results of Section 4 that there is M ≥ 1 such that for every n, m ≥ M the actions of G = ϕ n , ψ m on both, CV N (from the right) and on PCurr(F N ) (from the left) are open 2-generator ping-pong actions with respect to ϕ n , ψ m . Note that in this case for the left action of G on PCurr(F N ), the "north" set N contains [µ + (ϕ)], the "south" set S contains [µ − (ϕ)], the "east" set E contains [µ + (ψ)] and the "west" set W contains [µ − (ψ)]. Similarly, for the right action of G on
The main goal of this section is to prove the following:
Proposition 5.4. Let ϕ, ψ ∈ Out(F N ) be hyperbolic iwips, and assume that the actions of G = ϕ, ψ on both, CV N (from the right) and on PCurr(F N ) (from the left) are open 2-generator ping-pong actions with respect to ϕ, ψ.
Then there exist constants m 0 , n 0 ≥ 1 with the following property. Suppose m ≥ m 0 , n ≥ n 0 and w is a cyclically reduced word in ϕ ±1 , ψ ±1 which starts in ϕ m and ends in ϕ n , and suppose [µ] ∈ PCurr(F N ) is such that [µ] is contained in the forward limit region of w and such for some λ = 1 we have wµ = λµ.
Then λ > 1.
For the remainder of this section we suppose that the assumptions of Proposition 5.4 are satisfied. In order to prove this proposition we need first some preliminary considerations. Proof. Suppose that the statement of the lemma is false. Then there exist a sequence of currents µ i ∈ Curr(F N ) converging to µ + , and a sequence of trees T i ∈ V , which all satisfy
By compactness of CV N we can extract a subsequence of the T i , which we still denote T i , which converges projectively to some R-tree T ∞ in cv N . Let
By continuity and linearity of the intersection form we have: (
There exists a tree T 0 ∈ V such that for every reduced word w in ϕ ±1 and ψ ±1 that does not end in ϕ −1 , the tree T 0 w lies in V . 
We claim that these choices of V and T 0 satisfy all the requirements of the lemma. Indeed, conditions (1) , (3) and (4) N , we have T 0 α n , µ + > 0. After passing to a further subsequence we may also assume that all α n are distinct and that 0 < T 0 α n , µ + ≤ 1 for all n ≥ 1. Since α n are distinct and the action of Out(F N ) on cv 1 N is properly discontinuous, it follows that [T ∞ ] ∈ ∂CV N = CV N − CV N . This in turn implies that lim n→∞ c n = 0 (see [35] for details).
By the linearity of the intersection form we have:
Hence, by continuity, T ∞ , µ + = 0 which, by Proposition 3.7, implies that
. This contradicts our earlier conclusion that [
There exists a tree T 0 ∈ cv 1 N , a constant n 0 ≥ 0 and a neighborhood U ⊆ Curr(F N ) of µ + , such that for any reduced word w in ϕ ±1 and ψ ±1 that does not end in ϕ −1 , for any n ≥ n 0 , and for any µ ∈ U , one has:
Proof. Consider a set V ⊆ cv 1 N and a tree T 0 ∈ V as in Lemma 5.7. By definition we have λ + > 1, and by Lemma 5.7(2), the infimum c of all T, µ + , for any T ∈ V , satisfies c > 0. Thus we can pick n 0 ≥ 0 so that λ n 0 + c > 100 T 0 , µ + . From the continuity of the intersection form we deduce λ n + c 2 > T 0 , µ for all n ≥ n 0 and for any µ in some sufficiently small neighborhood U 0 of µ + . By part (4) of Lemma 5.7 the tree T 0 w is contained in V , and hence T 0 wϕ n is contained in V ϕ n . From parts (2) and (3) of Lemma 5.7 we deduce that every T ∈ V ϕ n satisfies:
T, µ + ≥ λ n + c Now Lemma 5.6, whose hypotheses are guaranteed by Lemma 5.7 (1) and (2) , implies that T, µ ≥ λ n + c 2 for any T ∈ V ϕ n and any µ in a sufficiently small neighborhood U ′ ⊆ Curr(F N ) of µ + . It follows from our above choice of n 0 that Lemma 5.9. For every neighborhood U ⊆ Curr(F N ) of µ + there exists m 1 ≥ 1 such that for all m ≥ m 1 and for every reduced word w in ϕ ±1 and ψ ±1 which does not start or end with ϕ −1 , the forward limit region of ϕ m w in PCurr(F N ) is contained in PU .
We can now prove Proposition 5.4:
Proof of Proposition 5.4. Let U , T 0 , n 0 and m 1 be as given in Lemma 5.8 and Lemma 5.9, so that both apply to the given word w = ϕ m w ′ ϕ n , where w ′ is a reduced word in ϕ ±1 and ψ ±1 which does not start or end with ϕ −1 , and where n ≥ n 0 and m ≥ m 0 := max(m 1 , n 0 ) holds.
Recall that by assumptions of Proposition 5.4, we are given a projective current [µ] in the forward limit region of w such that [µ] is fixed by w, so that wµ = λµ for some λ > 0. We need to prove that λ > 1.
Since [µ] contained in the forward limit region of w in PCurr(F N ), it follows that [µ] is contained in the set PU , by Lemma 5.9. Hence some scalar multiple µ ′ of µ is contained in U , and we deduce from Lemma 5.8 that:
T 0 , wµ
But since µ is projectively fixed by w = ϕ m w ′ ϕ n , we have:
Hence λ T 0 , µ > T 0 , µ . Note that T 0 is a tree with a free simplicial action of F N , which implies T 0 , µ = 0. Therefore λ > 1 , which proves Proposition 5.4.
⊔ ⊓
An interesting feature of the above proof is that it needs the ping-pong property of the action of G on both spaces, CV N and PCurr(F N ). As one of these actions is a left action and the other one a right action, the words w considered must both, start and end in large powers of ϕ. However, this is not a problem for the application in the next section, since the property of an automorphism to be an iwip is invariant under conjugation in Out(F N ).
Recall that ϕ, µ + = µ + (ϕ) and µ − = µ − (ϕ) are as in Convention 5.5. We finish this section with a lemma that will be used in the next section:
Lemma 5.10. There exists neighborhoods U + (ϕ) ⊆ Curr(F N ) of µ + and
Proof. It suffices to recall that, by Proposition 3.7, the above inequality is true for µ ′ + = µ + and µ ′ − = µ − , and to use the continuity of the intersection form.
⊔ ⊓
Every Schottky group contains a rank-two free iwip subgroup
We first prove a property that characterizes those hyperbolic automorphisms of F N which are not iwips.
Proposition 6.1. For every Φ ∈ Aut(F N ) which is hyperbolic but not an iwip there exist k ≥ 1, a tree T 0 ∈ cv N and currents ν + , ν − ∈ Curr(F N ) {0} with the following properties:
Proof. The R-tree T 0 is constructed as described in [21] from a relative train track representative (in the sense of [3] ) f : τ → τ of Φ using a (row) eigenvector of the transition matrix M (f ) which has non-zero coefficients only for the top stratum of τ . The translation length with respect to T 0 satisfies ||w|| T 0 = 0 for all conjugacy classes [w] ⊆ F N which are represented by a loop in τ that does not traverse any edge of the top stratum. Note that T 0 is projectively Φ-invariant, but that the stretching factor may well be equal to 1, in which case T 0 is simplicial. Since Φ has a reducible power, we can choose a proper free factor U of F N which is (up to conjugation) fixed by some power Φ k with k ≥ 1, and which does not contain properly any non-trivial free factor of F N that is Φ h -invariant (up to conjugation) for any h ≥ 1. After composing Ψ = Φ k with an inner automorphism if necessary, we may assume that Ψ(U ) = U . Note that U is not cyclic since by assumption Φ is hyperbolic.
We claim that, moreover, U can be chosen in such a way that U fixes a point of T 0 . Indeed, since every maximal elliptic subgroup for the above tree T 0 is (up to conjugation) a Φ-invariant free factor of F N , if such a subgroup is non-trivial, it must contain the Φ-orbit of some free factor U as above. It thus remains to argue that there exist at least one elliptic subgroup of T 0 which is non-trivial. If T 0 is simplicial, this is obvious, as otherwise the action of F N on T 0 would be free, and since T 0 is Φ-invariant, the automorphism Φ would be periodic (up to conjugation) and hence not hyperbolic. In the complementary case, where T 0 is not simplicial, the top stratum of the above train track map f : τ → τ must be exponentially growing. Thus, if τ has more than one stratum, every lower stratum contributes to the elliptic subgroups of T 0 , and hence the bottom stratum would define a non-trivial elliptic subgroup for T 0 , as required. Finally, if there is only one stratum in τ , then either Φ was an iwip, or else, by Proposition 5.1 of [29] (see also chapter 7 of [42] ), one of the vertices of τ can be blown-up to give a new Φ-invariant train track with a periodic top stratum. For this new train track τ ′ its stable tree T ′ 0 will be simplicial (as explained in detail in the proof of Proposition 5.1 of [29] ), and the previous arguments would apply. Thus indeed U and T 0 can be chosen so that U fixes a point in T 0 .
By the choice of U , the restriction Ψ| U ∈ Aut(U ) is an iwip automophism of U . Moreover, Ψ| U has no periodic conjugacy classes (since Φ has no periodic conjugacy classes), so that Ψ| U ∈ Aut(U ) is also atoroidal.
Therefore there exist a projectively unique Ψ| U -invariant expanding current µ U + and a projectively unique Ψ| U -invariant contracting current µ U − in Curr(U ). More precisely, Ψ| U (µ U + ) = ρ + µ U + and (Ψ| U ) −1 (µ U − ) = ρ − µ U − for some ρ + , ρ − > 1.
Recall that, as shown in [31] , the inclusion ι : U → F N defines a continuous linear map ι * : Curr(U ) → Curr(F N ) which extends the obvious map on conjugacy classes. Namely, for any nontrivial u ∈ U we have ι * (η U u ) = η F N u where η U u ∈ Curr(U ) and η F N u ∈ Curr(F N ) are the rational currents defined by u on U and F N respectively. Moreover, the map ι * has a particularly simple form in a simplicial chart corresponding to a free basis A of F N of the form A = B ⊔ C where B is a free basis of U . Namely, if we use A as a simplicial chart on F N and B as a simplicial chart on U then for every µ ∈ Curr(U ) and every nontrivial freely reduced word v ∈ F (A) we have: v, ι * µ A = v, µ B , if v ∈ F (B) = U 0, otherwise.
Put ν + = ι * (µ U + ) and ν − = ι * (µ U − ). By the main result of [35] , since the supports of ν + and ν − are carried by U and since every element of U has translation length zero on T 0 , it follows that T 0 , ν + = T 0 , ν − = 0.
We claim that Ψν + = ρ + ν + and Ψν − = ρ −1 − ν − . Indeed, choose a nontrivial element a ∈ U . We know that (up to rescaling ν + ),
ρ n + and therefore by linearity and continuity of ι * and using the fact that ι * (η U u ) = η F N u for u ∈ U, u = 1, we have:
Using the fact that Ψ| U (µ U + ) = ρ + µ U + , we conclude: 0 . We define G 1 to be the subgroup of Out(F N ) generated by ϕ M and ψ M , for M ≥ 1 large. Every element α of G 1 − {1} is either conjugate in G to some ϕ k or ψ k , with k ∈ Z {0}, and thus iwip, or else it is conjugate in G to a reduced and cyclically reduced word u in ϕ, ψ which contains the subword ϕ ±M . After possibly replacing α by α −1 , we may assume that u contains ϕ M as a subword. Hence u is conjugate in G to a reduced word u 1 in ϕ, ψ that begins with ϕ m and ends with ϕ n where m, n ≥ M 2 − 1 and that represents α 1 ∈ Out(F N ) (which is a conjugate of α).
Suppose that α is not an iwip, so that α 1 is not an iwip either. Then by Proposition 6.1 there exist k ≥ 1, T 0 ∈ cv N , ν ± ∈ Curr(F N ) − {0}, ρ ± > 1 such that T 0 , ν + = T 0 , ν − = 0 and α k 1 ν + = ρ + ν + , α k 1 ν − = ρ −1 − ν − . Then α k 1 = u k 1 and the word w = u k 1 in ϕ, ψ still begins with ϕ m and ends with ϕ n and has the form w = u k 1 = ϕ m w ′ ϕ n . Let [µ ± (ϕ)] ∈ PCurr(F N ) be the two fixed eigencurrents of ϕ and let µ ± (ϕ) ∈ Curr(F N ) be some representatives of them in Curr(F N ). Let U + = U + (ϕ) and U − = U − (ϕ) be neighborhoods of µ + (ϕ) and µ − (ϕ) in Curr(F N ) provided by Lemma 5.10.
If M is big enough, then n, m ≥ M 2 − 1 are also big enough so that Proposition 5.4 can also be applied to w and w −1 , and that furthermore, by Lemma 5.9, the forward limit region of w is contained in the image PU + of the neighborhood U + of µ + (ϕ), and similarly for the forward limit region of w −1 and U − .
It follows from Remark 5.2 that for every projectively w-fixed current µ the image [µ] must be contained in PU + ∪ PU − .
The current ν + is projectively fixed by α k 1 = w and hence it is contained in the union of the forward and backward limit regions of w. Therefore [ν + ] ∈ PU + ∪ PU − . Moreover, ν + is projectively fixed by w and is wexpanding (since ρ + > 1) while by Proposition 5.4 every projectively fixed current contained in the backward limit region of w is w-contracting. Hence [ν + ] ∈ PU + so that some non-zero scalar multiple ν ′ + of ν + satisfies ν ′ + ∈ U + . A symmetric argument shows that [ν − ] ∈ PU − so that some non-zero scalar multiple ν ′ − of ν − satisfies ν ′ − ∈ U − . Thus Lemma 5.10 applies to ν ′ + and ν ′ − , so that we obtain T 0 , ν ′ + + T 0 , ν ′ − > 0. But this contradicts the fact that T 0 , ν + = T 0 , ν − = 0. Hence α is an iwip, as required, which completes the proof of the theorem.
⊔ ⊓ Corollary 6.3. Let G ⊆ Out(F N ) be a subgroup which contains some hyperbolic iwip, and assume that G is not virtually cyclic. Then G contains a free subgroup of rank two where all non-trivial elements are hyperbolic iwips.
Proof. By Proposition 3.10, G contains two hyperbolic iwips ϕ and ψ some powers of which generate a free group of rank two. Therefore ϕ, ψ is not virtually cyclic, and the statement of the corollary follows from Theorem 6.2. ⊔ ⊓
